Einstein-Podolsky-Rosen-like correlation on a coherent-state basis 
and inseparability of two-mode Gaussian states 
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The strange property of the Einstein-Podolsky-Rosen (EPR) correlation between two remote 
physical systems is a primitive object on the study of quantum entanglement. In order to understand 
the entanglement in canonical continuous- variable systems, a pair of the EPR-like uncertainties is an 
essential tool. Here, we introduce a normalized pair of the EPR-like uncertainties to discuss the role 
of the canonical uncertainty relation in the inseparability problem. As another physically reasonable 
tool, we also introduce a state overlap to a classically correlated mixture on a coherent-state basis 
and consider its role in the inseparability problem. The separable condition associated with the 
overlap determines the strength of the EPR-like correlation on the coherent-state basis in order that 
the state is entangled. In a standard form of two-mode Gaussian states, the separable conditions 
with the EPR-like uncertainties and the separable condition with the overlap to the classically 
correlated mixture are linked by a simple embrace relation. From this relation it is shown that 
the coherent-state-based condition is capable of detecting the class of two- mode Gaussian entangled 
states. We also consider an experimental measurement scheme for estimation of the state overlap by 
a heterodyne measurement and a photon detection with a feedforward operation. The parallelism 
between the separable condition with the state overlap and the quantum-domain condition with the 
Gaussian distributed coherent states is discussed associated with the standard continuous-variable 
quantum teleportation process. Thereby, we succeed in reconciling the condition on the channel 
fidelity to the condition on the resource entanglement for the teleportation including a non-unit- 
gain effect. 



I. INTRODUCTION 



In the seminal paper pj , Einstein, Podolsky, and Rosen 
(EPR) considered a pair of particles, say A and B, that 
possesses perfect correlation not only in their positions 



-A(B) 



but also in their momentums 



Pa(b) 



From such a 



correlation, one can predict either the position or the mo- 
mentum of one particle with certainty by measuring the 
position or the momentum of the other particle, and this 
seemingly contradicts the canonical uncertainty relation 



v/(A2£)(A2p) >\[x,p]\/2=:C, 



(1) 



where AO := O — (O). This type of seeming inconsis- 
tency between the quantum correlation and the canonical 
uncertainty relation is often termed as the EPR paradox 
and has been providing important aspects on foundations 
of quantum physics and theory of entanglement [H-Q . 

The EPR-type correlation is normally described by 
the variances of the EPR-type operators xa — xb and 
Pa+Pb, and the measured uncertainties can be a signal 
of quantum entanglement. Duan et ai, @ have intro- 
duced the EPR-like operators X := \cl\xa — -&b and 
P' := \a\pA + —pB with a real number a, and presented 
an inseparable condition associated with the total vari- 
ance of the operators: A bipartite state is entangled if it 
violates the inequality 



(A X) + (A^P') > 2(o 



1 



)C. 



(2) 



Interestingly, this condition is conducted to determine 
the inseparability of two-mode Gaussian states. To be 
specific, for any given entangled two-mode Gaussian 
state, there exists a proper local Gaussian-unitary trans- 
formation and a parameter a so that the inequality of 
Eq. ([2]) is violated. Its implication is that the origin 



of the inseparability of two-mode Gaussian states lies on 
the strength of the EPR-like correlation. 

A quantum state on a bipartite system AB is called 
separable if its density operator can be written in the 
convex sum form of the products of local density opera- 
tors as pab = J2iPi(Pi)A ® (o*)b where (pi) A and (<7j) B 
are local density operators of the system A and B, respec- 
tively, and pi is a probability distribution that satisfies 
Pi > and ^2pi = 1. A quantum state is said to be 
entangled if it is not separable. The separable density 
operator preserves its positivity under the transpose of 
its local density matrix. This property of positive partial 
transposition cannot hold for many of entangled density 
operators, and non-positivity of the partial transposition 
is a signal of entanglement [7( . An important fact is that 
the class of Gaussian entangled states belongs to the en- 
tanglement with the non-positive partial transposition 
[H H|. It is shown that many of known separable con- 
ditions concerning the continuous-variable states, which 
include Eq. ([2]) , can be derived by using partial transpo- 
sition for moments of the annihilation operators and the 
creation operators [HI EH ■ 

In quantum optics, the canonical variables correspond 
to the phase-space quadratures of optical modes, and 
their statistics can be measured by the homodyne mea- 
surement. This enables us to determine the moments 
of annihilation and creation operators in experiments. 
The homodyne measurement is a Gaussian-measurement 
tool and plays a central role in the continuous-variable 
quantum information processing fl2l ] . Another important 
Gaussian measurement is the heterodyne (double homo- 
dyne) measurement. It measures the complex amplitude 
a of an optical coherent state \a) and gives the projection 
probability to the coherent state (a|p|a). The canoni- 
cal quadratures and coherent-state amplitudes provide 
similar phase-sensitive information of the optical modes, 
and both of them are thought to be useful to observe 



2 



the properties of Gaussian states. Hence, it is reason- 
able to consider entanglement verification methods asso- 
ciated with the measured correlations of the heterodyne 
detection. There have been several approaches to suggest 
the relation between heterodyne statistics and entangle- 
ment mainly associated with the transmission of coher- 
ent states [13| . It might be also insightful to consider the 
inseparabli ty p roblems related to the phase-space distri- 
bution |14| - [la |. However, their implication with respect 
to the EPR-likc correlation has little been discussed. 

While the variances of the quadratures and the covari- 
ance matrix are often employed to observe the property of 
continuous- variable quantum states, the notions of the fi- 
delity and the state overlap are normally employed to de- 
scribe the performance of the quantum channel or quan- 
tum operation [l7j . Any physical operation is considered 
to be a quantum channel that transforms quantum states 
in the completely positive and trace-preserving manner. 
The separability property for quantum channels is de- 
fined through the notion of the entanglement breaking. 
A quantum channel is called an entanglement breaking if 
its action on a subs yst em of any bipartite state makes 
the state separable [la ]. Its different definition is that 
the Choi-Jamiolkowski (CJ) isomorphism of the channel 
is separable. If the CJ isomorphism is inseparable, the 
quantum channel is said to be in quantum domain. A 
quantum-domain condition becomes an inseparable con- 
dition due to the isomorphism. In many of quantum in- 
formation processing protocols, a central task is to trans- 
mit entanglement or to manipulate entangled signals co- 
herently (so as not to break the entanglement). Hence, 
it is essential that a given physical implementation of the 
quantum channel is in quantum domain [l9l - [33j . 

In order to verify the channel coherence via a feasible 
input set of coherent states, a condition for a quantum- 
domain channel has been formulated in [2^, [24| : A quan- 
tum channel £ is in quantum domain if it violates the 
inequality 



Px(a){^/rja\£(\a){a\^ \y/fja) 



d 2 a < 



1 + A 

. + X + T) 



where the Gaussian distribution is given by 
A 



P\{a) := - exp(-A|a| ) 

7T 



(3) 



(4) 



with A > 0, £ (|a)(a|) represents the density operator of 
the output of the channel corresponding to an input of 
the coherent state |a), and r\ > is an effective transmis- 
sion of the channel. It was shown [23| that this quantum- 
domain condition is conducted to determine the insepa- 
rability of one- mode Gaussian channels [HI, [35| . To be 
specific, if a one-mode Gaussian channel is in quantum 
domain one can find a set of proper parameters (A, 77) and 
a pair of one-mode Gaussian unitary transformations so 
as to violate the inequality of Eq. (|3|) . When 77 = 1 the vi- 
olation of Eq. corresponds to the famous success cri- 
terion of continuous- variable quantum telcportation and 
memory [H[20|. 

Recently, a simple derivation of Eq. ([3]) from the CJ 
isomorphism and the partial transposition has been re- 
ported in Ref. [24|. Thereby, a separable condition 



with the state overlap to the Gaussian distributed phase- 
conjugate pairs of coherent states was derived. It shows 
that separable states have to satisfy 

P\(a) I a) (a 

Since the state overlap in the left-hand side is written in 
terms of the projections to the coherent states, it might 
be an accessible entanglement detection tool based on the 
statistics of the heterodyne measurement. However, its 
utility and significance for the separability problem have 
little been discussed. 

In addition, the condition of Eq. ([3]) was origi- 
nally formulated to verify the success of an experimental 
continuous- variable quantum teleportation process be- 
yond the unit-gain constraint [24[. Equation ^ deter- 
mines the fidelity threshold that cannot be surpassed 
without entanglement. Hence, it is natural to ask how 
this condition turns to the condition for the quantum 
state employed to telcport an unknown state. This is 
essentially the same question to ask what kind of quan- 
tum correlation is required to succeed in the quantum 
telcportation. It is of fundamental to investigate the 
relationship between entanglement of the resource EPR 
beams for teleportation and the teleportation fidelity for 
coherent states [36l-l39j. However, the known ap- 
proaches [H, [3j| are limited to the Gaussian entangled 
resource states, and fully closed relations with an arbi- 
trary resource state including the case of the non-unit 
gain (77 ^ 1) have not been established yet. 

In this paper we investigate the properties of the over- 
lap condition of Eq. (|5|) for the separability problem. We 
argue that the state overlap is a form of the EPR-likc 
correlation in a coherent-state basis and that the overlap 
condition gives a threshold of the cohcrent-state-based 
EPR-like correlation for the inseparability. It is shown 
that the separable condition with the overlap and the 
separable condition with the EPR-like uncertainties can 
be formulated in parallel, and the violation of the separa- 
ble conditions can be interpreted as essentially the same 
phenomenon to infer the EPR paradox. For the Gaus- 
sian states given in a standard form of the covariance 
matrix we find a simple embrace relation between the 
separable conditions. This relation provides a geometric 
proof that the overlap condition can be conducted to de- 
termine the inseparability of two-mode Gaussian states. 
In this regard, the overlap condition is potentially as 
useful as the condition with the EPR-like uncertainties. 
We also consider an experimental measurement scheme 
to detect the coherent-state-based EPR-like correlation 
using the heterodyne measurement, and investigate the 
connection between the overlap separable condition and 
the entanglement-breaking condition of Eq. ([3]) associ- 
ated with the continuous- variable quantum teleportation 
scheme. We find a fully closed relationship between en- 
tanglement and the fidelity for the Gaussian distributed 
coherent states with an arbitrary resource state. It natu- 
rally includes the non-unit-gain case and the correlation 
required to success in quantum teleportation is shown to 
be the EPR-like correlation on the coherent-state basis. 

This paper is organized as follows. We start with the 
canonical uncertainty relation and use the notion of par- 
tial transposition to derive the separable condition with 
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the EPR-like uncertainties. We apply the same scenario 
to the derivation of the overlap separable condition. In 
this reason, we introduce a limitation of the phase-space 
localization as a sort of the canonical uncertainty rela- 
tion in Sec. II. We derive the separable condition with 
the EPR-like uncertainties and investigate its properties 
in Sec. III. We derive the overlap separable condition 
and discuss its properties in Sec. IV. Then, we inves- 
tigate the embrace relation between the presented sep- 
arable conditions and address the utility of the overlap 
condition for Gaussian states in Sec. V. Wc present the 
experimental scheme to observe the cohercnt-statc-based 
EPR-like correlation with the heterodyne measurement 
in Sec. VI. We also discuss the link between the overlap 
condition and the entanglement-breaking condition as- 
sociated with the standard continuous-variable quantum 
teleportation scheme in there. We conclude this paper in 
Sec. VII. 



II. UNCERTAINTY RELATION AND 
PHASE-SPACE LOCALIZATION 



An intuitive interpretation of the canonical uncertainty 
relation in Eq. ([!} is that the quantum state is located 
on the phase space with a finite volume [See FIG. HJa)]. 
When the volume is measured in terms of the uncer- 
tainty product \J (A 2 x) (A 2 p), it has to be no smaller 
than the limit determined by the canonical commuta- 
tion relation, i.e., y/ (A 2 x)(A 2 p) > |[x,p]|/2. The stan- 
dard deviation describes typical width of the phase-space 
distribution and thus the uncertainty product indicates 
a degree of localization of the phase-space distribution. 
Hence, a limitation on the degree of localization of the 
phase-space distribution is imposed by the canonical un- 
certainty relation. Here we consider a different measure 
of the phase-space localization and present another form 
of the physical limitation. 



Ax 

4 ► 



Let us consider the density operator of a thermal state 



<p> 



Ap 




<x> 



(a) 



(b) 



FIG. 1: (Color online) The uncertainty relation gives a lim- 
itation on the localization in the phase space, (a) A physi- 
cal state is spread in the phase space so that its volume of 
AxAp is no smaller than the minimum uncertainty product 
of | [x, p] |/2 due to the canonical uncertainty relation, (b) An- 
other measure of the phase-space localization can be given 
by the convolution between the state distribution p(x,p) and 
a localized distribution function G on the phase space. The 
value of the convolution designates the concentration of the 
state distribution at the peak of the function G. 



G> 



P\{a) \a) (a\ d 2 a 



A 



I + A 



E 

71=0 



1 + A 



|n) (n\ 



(0) 



Here we use the standard notation for the num- 
ber state 1 77.) and the coherent state \a) = 

Sri=o e ~' Q ' aU \ n ) /Vn\. The phase-space distri- 
bution of the thermal state is an isotropic Gaussian 
distribution and peaked at the origin of the phase space 
a = [See FIG. QJb)]. The expectation value of the 
thermal state (G) p := TrGp = Xf Q p {a)e-^ 2 d 2 a 
is a Gaussian convolution of the Husimi-Q function 
Q p {a) := (a\p\a)/n. It suggests how strong the 
probability distribution is concentrated around the 
origin. Hence, it is likely that the expectation value is 
maximized by the state which has a sharply peaked Q 
function at a = 0. However, we cannot make the width 
of the Q function arbitrarily small, and thus (G\) has an 
upper bound. This upper bound offers another form of 
the physical limitation on the degree of the phase-space 
localization. From the second line of Eq. (|6]), an upper 
bound of (G) is given by the maximum eigenvalue of the 
thermal state ||Ga|| as 



(Ga) < 



A 



1 + A 



(7) 



This relation serves as a sort of the uncertainty relation, 
namely, one cannot localize the physical state on the 
phase space so that its expectation value (G) surpasses 
the physical limit ||Ga||- We refer to (Ga) p = TrG\p as 
the A- localization of a density operator p. The equality of 
Eq. (J7J) can be achieved by the vacuum state |0) and the 
vacuum state is the maximally A-localized state. Since, 
the A-localization is an overlap between a given state and 
the thermal state, it represents the probability of finding 
the states in the thermal distribution. 

In order to see an intuitive connection between the un- 
certainty product and the A-localization, let us consider 
the case where the Q function has a single peak at the ori- 
gin. Let 5 x and Sp be the width of the Q function along 
the real x and the imaginary p direction, respectively. 
Then the normalization condition 1 = J Q p (a)d 2 a ~ 
Q p (0)8xSp implies <5 P (0) ~ (&r<5p) _1 . Hence, for suffi- 
ciently large A, we have (Ga) = A J Q p (a)e~ x ^ d 2 a ~ 
ttQ p (0) ~ 7r(<5a;<5p) -1 , namely, the A-localization is pro- 
portional to the inverse of the uncertainty product, in a 
certain limit. This is a typical situation that a higher 
fidelity corresponds to a lower noise. 



III. SEPARABLE CONDITIONS WITH THE 
EPR-LIKE UNCERTAINTIES 

Several inseparability conditions have been derived by 
using the uncertainty relations and partial transposition 
40l 41 1 . In this section, we derive a separable condition 
with a normalized EPR-like uncertainty product using 
the partial transposition for the canonical uncertainty 
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relation. This sep arable condition is called the product 
condition [42|, l43l l45l |46| and has a simple embrace re- 
lation to the sum separable condition of Eq. ©. In 
contrast to the sum condition, any point of the separable 
boundary of the product condition can be achieved by 
the product of the squeezed states. It is shown that the 
maximum of the EPR-likc correlation can be achieved by 
a two- mode squeezed state (TMSS). 

We start with the canonical uncertainty relation 

<A 2 .i)(A 2 p)>p^ 2 = c2 . (8) 

By introducing an ancilla system B and applying a beam- 
splitter transformation (xa,Pa) ~~ ^ (uxa — vxb,upa — 
vpb) we have 

(A 2 (ux A - vx B ))(A 2 {upa - vp B )) > C 2 , (9) 

where we assign the index A for the original system and 
assume that the real parameters for the beamsplitter 
(u, v) satisfy the relation u 2 + v 2 = 1. When we make the 
replacement vb — > ~Pb [HJ we have a product separable 
condition [Tfl S E| 

(A 2 (ux A - vx b ))(A 2 (u Pa + vp B )) > C 2 . (10) 

The replacement corresponds to the transposition of the 
system B with respect to the number basis (see the below 
proof). The left-hand side of Eq. (fTOj) is a normalized 
EPR-likc uncertainty product so that it becomes a nor- 
mal uncertainty product for the canonical variables under 
the partial transposition as in Eq. Since the partial 
transposition is not a physical transformation, it is no 
reason to consider that Eq. (fT0|) holds for all physical 
states. We can show that no separable state can violate 
this inequality as follows: 

Proof. — Let us write X := uxa — vxb, P '■= up a — 
vpB, and the partial transposition, which transposes the 
system B with respect to the number basis, 

r:(\l){m\®\j){k\)^(\l){m\®\k){j\). (11) 

For product states, we can write the expectation value 
of the partial transposed observable O as (^[0])^^ = 
Tr[r[6] |</>) M ® \<p) (cp\] = Tc[dT(\4>) (0| ® |^) M)] = 
Tr(6|0) <0| ® \<p*) ((p*\) = (6)^ v ,. Here wc defined 
the conjugated state by \ip*) := Y^=o{ ( P\ n ) I 71 )- Since 
the off-diagonal elements of the position operator x = 
VC(a + at) in the number basis are real we have T[X] = 
X. In contrast, the off-diagonal elements of the momen- 
tum operator p = \J~C(a — a))/i in the number basis are 
pure imaginary, and we thus have T[P] = up a + vpb- 
Noting that T[P 2 ] = (r[P]) 2 and T[X 2 } = (T[X\) 2 , 
we can estimate the left-hand side of Eq. (flU|) as 
(A 2 (TX)) 4>r ^(A 2 (TP))^ v - (A 2 XW(A 2 PW > 
min ^{(A 2 X) ^0^, (A 2 P) ^ v | > (\[X,P]\/2) 2 for any 
product state. Hence, for any separable state p s = 



HiPi \<f>i) (4>i\ ® \(pi) (<pi\ we have 

(A 2 (rl)) Ps (A 2 (rp)) Ps 

i j 

> (\{X,P]\/2) 2 = C 2 . (12) 

From the second line to the third line, we set aj = 

sJpjiAtX)^®^., bj = ^p J (A 2 P) t p j0 ^ and use the 

Schwarz inequality |a| 2 |6| 2 > \a ■ b\ 2 . ■ 
An important implication of the product separable 
condition of Eq. (fit)]) is that the EPR-like correlation 
cannot be stronger than the canonical uncertainty limit 
without entanglement. As was shown in the proof, the 
EPR-like uncertainty product for a product state can be 
mapped into the canonical uncertainty product for its 
conjugated state when the EPR-likc operators are nor- 
malized so that their partial transpositions form a pair 
of the canonical observablcs. This normalization might 
be also insightful when we recall that the canonical trans- 
formation preserves the phase-space density. 

Dividing both sides of Eq. © by (a 2 + 1/a 2 ) we have 
a normalized sum condition 

(A 2 (ux A - vx B )) + (A 2 (up A + vp B )) > 2C, (13) 
where we set 

(%v)= 1 M a- 1 ). (14) 
V& + a £ 

This sum condition of Eq. (fT3"]) can be also obtained by 
taking the square root on both sides of Eq. (fTU| and us- 
ing the relation (A 2 (uxa — vxb)) + (A 2 (upa + vps)) > 
2-y/ (A 2 (uxa ~ vxb))(A 2 (upA + vps))- From this 
derivation we can see that the inequality of Eq. (p~0|) 
is automatically violated if the inequality of Eq. (fT3"|) is 
violated. This suggests that the product condition of Eq. 
(fTU| is better to detect entanglement than the sum con- 
dition of Eq. (fj"3j) . In order to show this clearly, let us 
write the normalized uncertainties of the EPR-likc oper- 
ators as 

U : = (A 2 (ux A -vx B ))/ C 

V: = (A 2 (up A + vp B ))/C. (15) 

Then, the product separable condition of Eq. (fTU| leads 
to 

UV>1, (16) 

and the sum separable condition of Eq. (fT3")) leads to 

U + V>2. (17) 

The embrace relation between Eqs. P^|) and ([TT]) is di- 
rectly observed in FIG. [2] Since there is no separable 
state below the curve UV = 1 (gray regime of FIG. [2]), 
the states located on the boundary of Eq. (fl"3"| should 
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FIG. 2: (Color online) Relation between the inseparability 
and the normalized EPR-like uncertainties U and V in Eq. 
US}. The product condition of Eq. (TO) [Eq. JT6}] implies 
that any state is entangled if its location (U, V) is below the 
inverse proportional curve UV = 1 (gray regime). On the 
other hand, for any point of this curve one can find a corre- 
sponding separable state (See main text). The violation of 
the sum condition of Eq. (|13|l [Eq. Q17p] occurs for the states 
located below the straight line U + V = 2, and the entangled 
states detected by the sum condition belong to a subset of 
the entangled states detected by the product condition. The 
dark gray regime is physically unaccessible due to the global 
canonical uncertainty relation of Eq. (|18|) . In this figure we 
set \u 2 — v 2 \ 2 = 0.2 specifically so that the physical boundary 
is given by UV = 0.2. 

be entangled except for the single point (U,V) = (1, 1). 
As a result, the sum condition fails to notice the entan- 
gled states located in the area enclosed by the two curves 
UV = 1 and U + V = 2. 

It is notable that, with respect to the EPR-like un- 
certainties, the form of the product separable condition 
of Eq. (JTUJ) is the same as the familiar inverse propor- 
tional limit of the canonical uncertainty relation of Eq. 
(|8"j) . This implies that any point of the minimum uncer- 
tainty curve UV = 1 [the equality of Eq. (fl~6j) ] can be 
achieved by the separable states in sharp contrast to the 
case of the sum condition. As a separable state located 
on the boundary of Eq. (|16j) . we can find the product 
of the squeezed states Sa <8> Sb\0, 0)ab where S stands 
for the squeezing operator. Hence, it is a signature of 
entanglement that the normalized EPR-like uncertainty 
product is smaller than the limit of the uncertainty prod- 
uct attainable by the product of minimum uncertainty 
states. This statement is consistent with the fact that any 
separable two-mode Gaussian state can be locally trans- 
formed into a two-mode Gaussian state whose Glaubcr- 
Sudarshan-P function is positive jf| HI, HtJ. 

Note that the physical limitation for the EPR-like un- 
certainty product is give by 

(A 2 (ux A - wis)) (A 2 (up A + vp B )) 

. f\[uX A - VX B ,UPA+VPB\\\ 2 _ , 2 2^2 n 2 



In terms of U and V, it can be expressed as 

UV > \u 2 -v 2 \ 2 . (18) 
This inequality is saturated by the TMSS 

oo 

\^ c )ab = v/T^^TOUNb, (19) 

71=0 

with £ = v/u < 1. We can observe that the TMSS is 
located at (U, V) = (V u 2 — v 2 , y/u 2 — v 2 ) on the U-V 
plane and that the physical boundary of Eq. (JTSJ) can 
be covered by the state Sa ® Sb\^q)ab similar to the 
case that the product of the squeezed states covers the 
separable boundary of Eq. ([Tof . Noting the relation U + 
V > 2\JUV > 2-\At 2 — v 2 , we can see that the physically 
possible minimum of the sum U + V is also achieved by 
the same TMSS located at (V u 2 — v 2 , \/u 2 — v 2 ). 

The fact that the product condition is better than 
the sum condition is generally stressed in [4^, |4(| and 
the results of Refs. [l0, HE El essentially include the 
condition of Eq. (|T0|) although the EPR-like operators 
are not normalized so that their partial transpositions 
form a pair of the canonical variables. For the case of 
| it | = M, the separable condition of Eq. (fT0|) is derived 
in [Il|,|43|,[44|. From the superiority of the product condi- 
tion and the fact [f| Q that any Gaussian entangled state 
can be detected by the violation of the sum condition, it 
is concluded [45| that any two-mode Gaussian entangled 
state can also be detected by the violation of the prod- 
uct condition. There is an approach to consider that the 
sum condition is a condition for a quadratic Hamiltonian, 
thereby a separable condition on the variance of the nor- 
malized Hamiltonian is derived |48j . 

To estimate the left-hand sides of Eqs. (fTU)) and (fT5)) 
in the experiments, one may perform the joint quadra- 
ture measurement of xaXb and paPb (For the estima- 
tion of the covariance matrix of the two-mode state, it 
requires the measurement of xaPb and paxb, addition- 
ally). The measured homodync statistics of xaxb and 
PaPb give the six variances {(A 2 ^), (A 2 xb), (A 2 pa), 
(A 2 p B ), (Ax a Ax b ), (Ap A Ap B )}- Then, the left-hand 
side of Eq. (fTU|) can be determined for any given set of 
(u, v). In practice, it is better to use the set of the param- 
eters (u, v) so that the left-hand side of Eq. (JTUJ) becomes 
as small as possible. The minimum can be readily found 
by setting (u, v) = (cos 8, sin#) and plotting the left-hand 
side of Eq. (jTOJ) as a function of 8. The effect of this vari- 
able corresponds to a global rotation by the beamsplitter 
transformation. Although the joint squeezing Sa ® Sb 
to cover the separable boundary belongs to the set of lo- 
cal operations, it is not easy to access experimentally. In 
turn, to achieve the boundary of the product condition, 
the sum condition requires additional local squeezing op- 
erations. This suggests actual experimental advantage to 
use the product condition in place of the sum condition. 

Note that the left-hand side of Eq. (|TU)) becomes a 
quadratic form of u := (u, v)* as v?(M x + M p )u where 




G 



Hence, the minimum of the left-hand side of Eq. (|13l) is 
given by the minimum eigenvalue of the matrix M x + M y . 
The minimum plays an important role in the analysis of 
Rcfs. [H, H3- By using the matrices of Eq. (gUl), the 
left-hand sides of Eq. (fTOj) can be expressed in a compact 
form (tfMxuj^Mpu). 



IV. SEPARABLE CONDITION WITH THE 
COHERENT-STATE-BASED EPR-LIKE 
CORRELATION 

In this section we use the partial transposition for the 
limitation on the A-localization of Eq. (JT]) , and derive the 
overlap separable condition corresponding to Eq. (JS|). It 
determines the strength of the EPR-like correlation in a 
coherent-state basis in order that the state is entangled. 
The maximal correlation on this basis is also obtained by 
a TMSS. 

Let us consider the following positive operator 
G' x : = RG\ <g) |0) (0| i? f 

P\(a) \va) (va\ ® \ua) (ua\ d 2 a, (21) 

where the thermal state G\ is defined in Eq. ([6]) and 
the beamsplitter transformation R is defined through its 
action on the coherent state R\a) |0) = \va) \ua). Since 
the spectrum of G' x is the same as the spectrum of G\, 
the physical limitation for the A-localization of Eq. ([7]) 
also holds for G", as 



(G'x) < 



1 + A 



(22) 



The equality is achieved by the product of the vacuum 
states |0,0) AB . 

From the partial transposition of G" and the physical 
limitation of Eq. (|22|) we obtain the overlap separable 
condition [H: 



A 



1 + A' 



(23) 



where the partial transposition of G' can be written as 

T (G'x) = J px{a)\va) (va\® \ua*) (ua*\d 2 a. (24) 

Here, the action of the partial transposition map T of Eq. 
(jlip induces the complex conjugation of the coherent- 
state amplitude of the second system in Eq. (f2"Tj) . The 
equality of Eq. (|2"3"j) is also achieved by the product of the 
vacuum states |0,0) AB . We can show that the overlap 
condition of Eq. ((23)) holds for any separable state as 
follows: 

Proof. — For any separable state p s , r[p s ] is a density 
operator. Using Eq. (f2"2")l for T[p s ], we have (TG') Ps = 

Tt( Ps T[G'}) = Tv(T[p s }G') < A/(l + A). Hence, the vio- 
lation of the condition in Eq. (f2U)) implies that the state 
is entangled. ■ 
The expectation value of rG A in Eq. (|24p is a weighted 
sum of the probability that the pair of coherent states 



\ol) A \ga*) B is contained in the given state, where g = 
u/v is a real number. Recalling that the complex ampli- 
tude is defined as a = x + ip, the state overlap (rG A ) 
essentially represents the strength of the EPR-like corre- 
lation so that the relations xa = gxB and pa = —gPB 
hold, simultaneously. Actually the two relations can be 
combined to the single expression a a = g®* B (See also 
FIG. [3]). A different expression of (rG A ) in terms of the 
EPR-like uncertainties and its link to the separable con- 
ditions with the EPR-like uncertainties can be found in 
Sec. V. The relation of Eq. (|2"3")) to the original form of 
Eq. (0 is shown in Sec. VIB. 

A violation of the overlap separable condition of Eq. 
(|23| can be observed for the TMSS. From Eq. (19]), the 
strength of the coherent-state-based EPR-like correlation 
(TG'} in Eq. ^ for the TMSS is calculated to be 



<r(G' A ))^ 



A(l-C 2 ) 



! [l + A/u 2 -C 2 + (v/u- CY 



(25) 



If we set y/2u = V2v = 1 and 2( = 1, the right-hand 
side of Eq. ^ becomes 3A/(2 + 4A). Hence, for A < 1, 
we can observe (r(G" A ))^ c > A/(l + A). If the trans- 
formation r preserved the phase-space localization, this 
expression would imply the violation of the physical lim- 
itation for the A-localization of Eq. (|2"2")l as a sort of the 
EPR paradox. In reality, the partial transposition T is 
not a physical transformation and it is no need to con- 
sider that the violation of Eq. (|23|) violates the physical 
limitation of Eq. (|22j) . The paradox, in which entan- 
gled states can be "localized" beyond the limit achieved 
by the pair of coherent states, is essentially identical to 
the phenomenon that the EPR-like uncertainty product 
violates the canonical uncertainty limit discussed in the 
previous section. It might be helpful to consider that the 
phenomenon comes from the use of a strange way to sum 
the phase-space volume based on the partial transposed 
unit of the volume measure, in which the sign of the local 
momentum is inverted p B — >• — Pb- This inversion sug- 
gests the complex conjugation i — > — i because the sign of 
the commutation relation is changed due to the replace- 
ment [x,p] —> — [x,p\. Such a replacement affects the co- 
herence between the two systems and some of entangled 
states exhibit seemingly abnormal phase-space volume. 
While the state overlap and the uncertainty product can 
be associated with the phase-space volume, it seems dif- 
ficult to consider such an physical object in the case of 
the sum uncertainties. 

Note that TG' X of Eq. ((Ml), 

density operator, 

is located at the point (U, V) = (1,1) on the separable 
boundary of the U-V plane as the vacuum state |0) |0) is 
located at the same point (See FIG. [5]). Moreover, the 
state obtained by applying the collective local squeezing 
both on A and B to rG' A , i.e., S A ® S B T{G' X )S A <g> S B 
moves along the local minimum uncertainty boundary 
of Eq. (|TB|) as Sa <8> S B \Q,0)ab does. We can see that 
Sa®S b T(G x )S a ®S b reduces to the product of the pure 
squeezed states Sa'S'Se |0, 0) ab in the pure limit A —> oo. 
Although the form of the mixture shows the correlation 
explicitly, its EPR-like correlation is no stronger than the 
correlation given by the uncorrelated product state |0, 0) 
when it is measured either by the state overlap in Eq. 
or by the product of the uncertainties in Eq. (fTU|) . 



7 




Pb = -S 




(a) 



(b) 



FIG. 3: A pair of the EPR-like particles exhibits a strong 
positive correlation on their positions xa and xb- It also ex- 
hibits a strong negative correlation on their momentums pa 
and pb- A total deviation from the lines of xb = q~ 1 xa and 
Pb = —g l pA represents the strength of the EPR-like corre- 
lation. The deviation can be directly related to the width of 
the correlation distribution as (a). The strength of the corre- 
lation can also be related to the intensity of the distribution 
as (b). The two conditions of xb = g~ x XA and ps = —g~ 1 pA 
are combined into the single expression a* B = 9~ X ola with the 
complex amplitudes a a = xa +ipA and oib — xb +ipB- This 
suggests another form of the EPR-like correlation in terms of 
the distribution intensities associated with the pairs of coher- 
ent states {|ct) A \ga*) B }. 



can proceed similar discussion with a different distribu- 
tion. For any positive operator with a positive-P rep- 
resentation p pp on a single mode, a two-mode operator 
Rp PP ® |0) (0| j?t is an unnormalized separable state and 
the following relation holds (Rp pp <E> |0) (0| w) < \\p PP \\ 



since (p 



l>l>, 



< 



| ppp || . By taking the partial transposition 



we have a separable condition 



(r[R Ppp ® |o) <o|#]) < 



(28) 



If we know the P representation p pp = J P(a)\a) (a\d 2 a, 
the partial transposition can be calculated as T[Rp pp ® 
|0) {Q\R)\ = j P(a) \va) (va\ (g) \ua*) (ua*\d 2 a. The 
condition of Eq. (|28[) with a non-Gaussian distribu- 
tion of P(a) might be useful when the expectation value 
(|tia)(iia| ® \va){va\) is obtained for a limited number of 
the amplitude a in the real experiments. In such a case, 
one can choose P(a) as a discrete distribution associated 
with the observed set of the amplitudes. Further, analy- 
sis of potential utilities of this approach beyond the case 
of the symmetric Gaussian distribution is left for future 
works. 



As was mentioned above, the strength of the coherent- 
state-based EPR-like correlation (TG' X ) is a state over- 
lap to the classically correlated state. It simply sug- 
gests the probability that the state contains the con- 
jugate coherent-state pairs, and the separable condition 
of Eq. (|23[) gives the threshold of the pair appearance 
in order that the state is entangled. The maximum of 
the coherent-state-based EPR-like correlation (T(G' X )) is 
given by the operator norm of T(G' X ) as 

max(r(G" A )), = ||r(# A )|| 
p 

4 

~ + !)(!/_ + 1) 



1 + A + + A) 2 - Au 2 v 2 

where we use the symplectic eigenvalues v± of T(G' X ) 
defined in Eq. (|35j) . This maximum value is achieved 
by the TMSS of Eq. OH) when we set 



C = [(1 + A) — ^(1 + A) 2 - 4u 2 v 2 ]/(uv). (27) 

Hence, the EPR-like correlation can be maximized by 
the TMSS on the coherent-state basis as well as on the 
basis of the quadrature variances. From this fact and the 
fact that TG' A is located at the separable boundary of 
the U-V plane in FIG. [21 it might be feasible to consider 
that (TG' X ) — A/(l + A) is measuring a sort of distance 
from the point on the separable boundary (U, V) = (1, 1) 
so that (TG' X ) — A/(l + A) is maximized for the TMSS 
located on the physically possible boundary and vanishes 
at the separable boundary. In a strict sense, the separable 
boundary and the boundary given by (TG' X ) = A/(l + A) 
are different, at least for the Gaussian states (See, Sec. 
V). 

In general, it is not necessary to choose the symmetric 
Gaussian distribution to discuss the localization, and we 



V. EPR-LIKE CORRELATION FOR THE 
DETECTION OF TWO-MODE GAUSSIAN 
ENTANGLEMENT 

In this section we apply the overlap condition of Eq. 
([23]) for the two-mode Gaussian states in a standard form 
of the covariance matrix. In the fiat-distribution limit 
(A —> 0), the overlap condition can be described by the 
normalized EPR-like uncertainties similar to the cases of 
the sum condition and the product condition. An em- 
brace relation on these separable conditions suggests the 
utility of the coherent-state-based approach for the class 
of two-mode Gaussian states. 

Let us consider the covariance matrix of a two-mode 
state p 

7 P := (AdAd 1 + {AdAd^p (29) 

where d := (xa,Pa,xb,PbY- The physical requirement 
for the covariance matrix is given by 7 + iQ > where 

n:=(i 5)=J8J, J:=(_° 1 J) (30) 

with the normalization [x^ , p^] = i and [xb,Pb] = i (We 
set C = \[x,p}\/2 = 1/2 henceforth). The characteristic 
function of a two-mode density operator p is defined by 

xiS-Tripexpiid^)} (31) 

where £ = (£1, £2, £3, £4)* G K 4 is a real vector. The 
density operator p can be written by the inverse of the 
Fourier transform as 

P=(2kY 2 \ x (0«p(-«?0de- (32) 

We call the state is a Gaussian state if its characteristic 
function is Gaussian as 

X (0 = exp(id*£ - i^), (33) 
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where d = (d) = Tr[pd] is the mean of the phase-space 
position. The two-mode Gaussian state is completely 
characterized by its covariance matrix 7 and the mean 
d. The mean d can be freely chosen by applying local 
displacement operators, and is irrelevant to the insepa- 
rability. Hence, we consider the zero-mean case d = in 
the following discussion. 

The operator T(G' X ) of Eq. (f2~4"|) is a density operator 
of a Gaussian state and its covariance matrix is given by 



7o = h + j 



v I 2 uvZ 

UvZ U 2 I 2 



(34) 



where I4 = diag(l, 1, 1, 1), I 2 = diag(l ,1), and Z = 
diag(l, — 1). The symplectic eigenvalues 0, IH, [5(J of 70 
is given by 



= V(l + A) 2 - Au 2 v 2 ± {u 2 - v 2 ). 



(35) 



From Eqs. (f3"2"j) and ([3"3")l . for two Gaussian states p and 
a with the zero means, their overlap can be expressed in 
terms of their covariance matrices as 



Tr(pa) 



det 



Ip+lo 



-1/2 



(36) 



From this relation, the expectation value of Eq. ([Ml) for 
a Gaussian state p can be written as 



(r(G' A )) = Trpr(G^) 



det 



1 P + 7o 



-1/2 



,(37) 



and the overlap separable condition of Eq. (|23j) turns out 
to be 



det 



7 P + 7o 



> 1 



2 
A 



1 

A 2 "' 



(38) 



The left-hand side of this expression can be simpler 
when 7^ is in the direct-sum form similar to the 70 of 
Eq. (|34[) . It is always possible to transform the covari- 
ance matrix into the direct-sum structure within the lo- 
cal Gaussian transformation 0, || . We thus consider the 
covariance matrix with the following direct-sum form: 



1p 



Til Cl 

n 2 c 2 

ci mi 

C 2 7712 



(39) 



Here, it is not necessary to consider an irreducible form 
with n\ = n 2 and m\ — 777 2 as in @, Q- For the direct- 
sum form, the condition of Eq. (|38p leads to 

'7p + 7o 



det 
1 

To 



(77l + l)(777l + 1) — C 2 + — (?i 2 ?7i — 2UVCI 

A 



(™2 



D-ci 



— {u n 2 + 2uvc 2 
A 



* 1+ A 



- v mi) 
v 2 m 2 ) 
(40) 



l)(ma 
1 

A 2 ' 

In the flat-distribution limit A — > 0, the coefficients of 
A~ 2 are left and we thus have the following condition: 

1 



■(it ni + v mi — 2c\uv + 1) 
4 

x (7t 2 77 2 + v 2 m 2 + 2c 2 uv + 1) > 1. 



(41) 



This condition is simply expressed in terms of the EPR- 
likc uncertainties as 



\(U + 1)(V +!)>!. 



(42) 



where we use the relations from Eq. (fl"5"j) with C = 1/2, 

U = 2(A 2 (uxa — vxb)) = (u 2 ni + v 2 m\ — 2uvc{) 
V = 2(A 2 (upA + vps)) = (u 2 n 2 + v 2 m 2 + 2uvc 2 ). 

(43) 

Therefore, a bit surprisingly, it turns out that the overlap 
condition can be seen as a separable condition with the 
EPR-like uncertainties. 

Taking square root on both sides of Eq. (|42|) and us- 
ing the relation U + V + 2 > 2^/U + ly/V + 1 we can 
reproduce Eq. (fi7| . i.e., we have U + V > 2 again. This 
is the main result of this section. We have found the 
fact that the sum condition is generated from the over- 
lap condition similar to the case that the sum condition 
of Eq. (|13|) is generated from the product condition of 
Eq. (flUl). This result implies that, for the class of Gaus- 
sian states expressed in the standard form, the overlap 
condition is tighter than the sum condition. This shows 
that the overlap condition has a substantial utility to de- 
tect the Gaussian entanglement as well as the conditions 
based on the standard EPR-like correlation of Eq. (|2|). 
To be specific, we have shown that detectable Gaussian 
entangled states covered by the sum condition are also 
covered by the overlap condition provided that the state 
is in the standard form of Eq. ([39]) . On the other hand, 
it is known Q that any two-mode entangled Gaussian 
state can be detectable by the sum condition by using 
a specific standard form also written in the form of Eq. 
(p9| . Therefore, it is concluded that the overlap condi- 
tion is capable of detecting the set of two-mode Gaussian 
entangled states. 

We can also show that the product condition of Eq. 
(fT6| can reproduce the overlap condition of Eq. ([42} as 
follows. From Eq. $16$) we have UV + 2^/[7T 7 + 1 > 4. 
From this relation and U + V > 2\J\JV we have UV + 
U + V + 1 > 4. This relation is nothing but Eq. (|4"2l . 
We thus have proven the embrace relation for the three 
separable conditions: 



Eq. (HH) C Eq. g2]) C Eq. ([IT]). 



(44) 



Now, in terms of the EPR-like uncertainties U and V, 
the three separable conditions of Eqs. (fTU[) , ([TB")) , and (|2"3"]l 
are simply expressed in Eqs. (fl"6|) . (fT7|) . and (|42"]) , respec- 
tively. Their embrace relation of Eq. (|44[) is displayed on 
the U-V plane in FIG. |U Thereby, geometrically we can 
prove that the overlap condition is tighter than the sum 
condition and that the product condition (fT7j| is tighter 
than the overlap condition. It has been already men- 
tioned in Sec. Ill that any point of the boundary of 
the product condition is achieved by the separable states 
and the product condition gives the tight threshold of the 
standard EPR-like correlation in order that the state is 
entangled. These facts would deepen the understanding 
of the entanglement of two-mode Gaussian states, and 
the interrelations between the three separable conditions 
would be of fundamental to comprehend the relation be- 
tween the EPR-like correlation and entanglement. 
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to check the overlap separable condition of Eq. (f23|) in 
principle. This may not be an efficient way for entangle- 
ment detection because the heterodyne statistics include 
the information of the full-tomographic reconstruction 

M. 



uv>\ 







1 



u 



Double homodyne measurement 

a = V2(x + ip) 




No photon 

„ |0)<0| 

Photon 
^etectiot) 

"1-|0>(()| 
More than one photon 



Displacement 



EPR source 



FIG. 4: (Color online) The three separable conditions for the 
Gaussian states are described by the three curves on the U-V 
plane associated with the variances for the EPR-like operators 
(U, V). The three curves are inscribed at the single point 
(U,V) = (1,1). The product condition of Eq. (fTQ)| implies 
that any state is entangled if its location on the U-V plane 
(U, V) is below the inverse proportional curve UV = 1 (gray 
regime). The boundary of the sum condition of Eq. (1131) is 
given by the straight line U + V — 2. The boundary of the 
overlap condition of Eq. (|23l) for the Gaussian states in the 
standard form is given by (U + 1)(V + 1) = 4, which includes 
the three points (1,1), (3,0), and (0,3). This curve is lying 
in the middle of the two lines. It shows that the performance 
of the overlap condition is in between the product condition 
and the sum condition. 



VI. EXPERIMENTAL MEASUREMENT 
SCHEMES AND RELATION TO THE 
QUANTUM-DOMAIN CONDITION 

In this section we describe how to estimate the state 
overlap to the EPR-like correlated classical mixture 
(TG' X ) of Eq. ([24]) in experiments. We also consider an 
experimental quantum teleportation scheme and discuss 
the relation between the overlap separable condition of 
Eq. ([5]) [Eq. (|23[) ] and the quantum-domain condition of 
Eq. ©. 



A. Measurement for the projection to the 
conjugate pairs of coherent states 

The heterodyne measurement corresponds to a pro- 
jection to the coherent state and its positive-operator- 
valued-measure elements are symbolically written as 
{|a)(a|/7r}. If we perform heterodyne measurement each 
of the two modes A and B, then we can obtain the joint 
probability distribution associated with the projection to 



the product of the coherent states \a) 



where a and 



P correspond to the outcomes of the measurement on the 
system A and the system B, respectively. From this joint 
probability distribution, the strength of the coherent- 
state-based EPR-like correlation (TG' X ) for any pair of 
the parameters (u, v) can be calculated. This enables us 



FIG. 5: (Color online) The projection probability to a pair 
of coherent states \a) \ga*) can be measured by a hetero- 
dyne (double homodyne) measurement and a photon detec- 
tion. The measurement outcome of the heterodyne measure- 
ment (x,p) determines the amplitude of the coherent state 
a — \/2(x + ip) of the mode A. The photon detection de- 
termines whether the number of the photon in the measured 
mode is zero or more than 1; It is the projection to one of the 
two subspaces |0)(0| and I — |0)(0| where I = X^^Lo l n )( n l- 
The photon detection of the mode B after the displacement 
operation D* {ga*) gives the information whether or not the 
state is initially in the coherent state \ga*) — D(ga*) |0) be- 
cause this state becomes vacuum after the displacement as 
b\ga*)\go*) = |0>. 

In turn, if a pair of the parameters (u, v) is specified 
beforehand, we only need to consider the probability as- 
sociated with the specific pairs of the states la)^ \got*) B 
with g = v/u. In order to measure this probability, a pos- 
sible measurement process is composed of a heterodyne 
measurement and a photon detection with a feedforward 
control as in FIG. El We first perform the heterodyne 
measurement on the system A. Then, according to the 
outcome of the heterodyne measurement a, we apply the 
displacement operation with an amount of the displace- 
ment ga* on the system B. Finally, we perform the pho- 
ton detection of the system B. It confirms whether or 
not the system B was \ga*). This is because the dis- 
placement D^(ga*) transforms the conjugate coherent 
state \ga*) to the vacuum state as |0) = D'(ga*) \ga*) 
and the vacuum state is correctly discriminated by the 
photon detection as the no-photon event. This mea- 
surement technique has been demonstrated recently (52l - 
HH • Repeating this process we can obtain the probability 
that the pair state \ot) A \ga*) B is contained in the total 
system initially. From the measured expectation values 
(| a) (a I ® \ga*)(ga*\), a class of the separable conditions 
associated with Eq. ([28]) can be checked as well. 



B. 



Continuous-variable quantum teleportation and 
the quantum-domain condition 



An interesting application of the EPR correlation can 
be found in the experiments of continuous- variable quan- 
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turn teleportation [36| and quantum memory [551 ] pro- 
tocols. The average fidelity of quantum teleportation 
for coherent states is a widely accepted measure to es- 
timate the performance of the state transfer [lj| [2(| HU . 
It might be insightful to consider the relation between 
the teleportation fidelity and the EPR-like correlation 
on the coherent-state basis in the quantum teleportation 
process. 



Bell measurement 

z = sf2(x + ip) 




Output state 

£(\a)(a\) , 



Displacement 



j4' n N A 

l«> s" -A. 

Input state 

Ancilla state for teleportation 



FIG. 6: (Color online) A continuous-variable quantum tele- 
portation process £ of an input coherent state \a) from the 
mode A' to the mode B by using a possibly entangled state 
ip on the modes A and B. The outcome z of the Bell mea- 
surement on the joint mode AA' is forwarded to make a dis- 
placement & (g'z*) on the mode B where g' > is the tele- 
portation gain. 



Let us consider the quantum teleportation process 37 1 
for a coherent state \a) from the system A' to the system 
B by using a possibly entangled state i(j on the joint sys- 
tem AB as in FIG.[6l The teleportation process consists 
of the two steps: (i) a Bell measurement of the joint sys- 
tem AA' , and (ii) a feedforward displacement operation 
on the system B associated with the Bell-measurement 
outcome (x,p). The first step can be done by a half- 
beamsplitter transformation R and two homodyne mea- 
surements. Suppose that the state of the system AA' is 
a product of coherent states \^) A \o) A ,. Then, the joint 
probability density that the Bell-measurement outcome 
is (x,p) can be written as 



Aa {p\a' R \^)a \°)a' 
|(x|( 7 -a)/^)| 2 |(p|( 7 + a)/y2)| 2 



2 2 (,_-i™) 2 2 ( p _i 



\/2 , 



7T 

- e -\l-<*' 
IT 



1 (al^WlT)' 2 



(45) 



where (x\ ((p\) represents the eigenbra of the quadra- 
ture x (p) belonging to the eigenvalue x (p), the beam- 
splitter transformation is given by Raa' \l) a \ a ) A' = 
| (7 — a) J V2) A I (7 + a)/^/2) A , , and the complex ampli- 
tude is defined by z :~ ^/2(x + ip). With this measure- 
ment outcome z and a gain parameter g' > 0, the sec- 
ond step can be described by the displacement operation 
D^ig'z*) on the mode B. By using Eq. (|45[) and the P 



representation t/j BA = J d 2 /3d 2 ^P(f3, 7 )|/?) {/3\ B <£> | 7 ) (7k, 
we can express the state after the teleportation process 



£{\a)(a\) = J dxd P D B {g'z*){x\ A {p\ A ,RAA> 

ipBA <8 \a){a\ a' Raa> \x) a \p) a , D B (g'z*) 



— D B {g'z*){a*\ A b\{z) 



x / d 2 /3d 2 7 P(/3,7)l/3)(/3|B®|7)(7U 



xb A (z)\a*)b B {g'z*) 
{a*\ip' BA \a*) A 



(46) 



where we define 



/ —b\(z)b B (g'z*)ip BA b B {g'z*)b A {z). 

7T 



(47) 

Note that ip' BA is not a normalized density operator while 
(&*\ip B A \ a *)A i s a normalized density operator on the 
system B. 

By substituting Eq. (|46p into the channel condition of 
Eq. ([3]) we can obtain the relation 



1 + A 



d apx(a) {^qa\ (a*\ip' BA \a*) A \y/rja) B < —J 



(48) 



This relation can be regarded as a condition on the two- 
mode "state," ip' B A- On the other hand, by changing the 
variable of integration a' = va and making the replace- 
ment X/v 2 — > A, the overlap separable condition of Eq. 
(|23| can be transformed into the form of Eq. ((5j) 



p\(a) \a) (a\ ® \^/rja*) (^/rja 



\d 2 a 



< 



A 



1 + A + 



V 

(49) 



where we set r\ = ^ = — 1. Note that this parameter 
r\ comes from the parameter a of the original form of 
the EPR-like correlation in Eq. ([2]) through the relations 
of Eq. (|T4"|) whereas it is introduced as a transmission 
parameter of the quantum channel in Refs. [23l [56jj. 

Now, the same Gaussian weighted conjugate pairs of 
coherent states appear on both of the left-hand sides 
of Eqs. p8|) and (|49|) . and the coherent-state-based 
entanglement-breaking condition of Eq. ([3]) and the over- 
lap separable condition of Eq. (|2"3"|) arc expressed in par- 
allel forms. Actually, the measurement processes of FIG. 
[5] and the teleportation process of FIG. [6] are in paral- 
lel, and the success of the quantum teleportation and the 
inseparability based on the coherent-state pairs can be 
estimated by similar experimental setups. 

Interestingly, we can find the form of the coherent- 
state-based EPR-like correlation in the left-hand side of 
Eq. (|4"5)l . and the strength of the EPR-like correlation on 
the coherent-state basis is also related to the performance 
of the quantum teleportation. If we set the gain g' = ^/rj 
we can rewrite the integrand in the left-hand side of Eq. 



11 



© as 

(y/fja\ (ct* | ip'gA \&*}a \Vv a ) B 

= J^{Vv0\(0*\^baW*) a \VvP) b , (50) 

with j3 = a + z* . From this expression with a change of 
the integration variable d 2 (3 = d 2 a we can perform the 
integration of z in the left-hand side of Eq. P5]l as 

J d 2 ap x {a) (y/rja\ (a*\ip' BA \a*) A \y/rja) B 
= j d2 p(j ^a(/?-z*)) 

X(VV0\{P*\<pBA\nAWvP) B 

= \ Jd 2 p (vvP] w*\ iPba \n A \VvP) B ■ (5i) 

This expression no more includes the parameter A, and 
we have the following condition for the possible entangled 
state ip by setting A = in the right-hand side of Eq. 
(®: 

1 J d 2 (3 (V^/3| W*\^ba \n A WV0) B ^ yt^- (52) 

This condition corresponds to the condition of Eq. (|49]l 
with A = 0. Therefore, we have started with the telcpor- 
tation process and the channel condition of Eq. ([3]), and 
have finally derived the separable condition of Eq. 
with A = for the ancilla state of the teleportation. It is 
a converse direction of the derivation of the channel con- 
dition of Eq. ([3]) in Ref. [HJ where the channel condition 
is derived by using Eq. ([5]). 

Equation (f5Tj) or the left-hand side of Eq. (|52|) suggests 
that the teleportation fidelity is essentially determined 
by the coherent-state-based EPR-like correlation on the 
possible entangled ancilla state ip in the teleportation 
process. To be specific, for any physical state ip whose 
EPR-like correlation [the left-hand side of Eq. ([52)1] is 
larger than 1/(1 + rf) [the right-hand side of Eq. ([52)1], 
there exits A > to violate the condition of Eq. ^ pro- 
vided that the teleportation process is ideal. Therefore, 
we have succeeded in reconciling the condition on the 
channel fidelity to the condition on the resource entangle- 
ment state for the teleportation not only for the unit-gain 
case but also for non-unit-gain cases, and it has turn out 
that the condition on the resource state required to non- 
classically transfer an unknown state is directly presented 
by a threshold on the strength of the EPR-like correla- 
tion. Note that the left-hand side of Eq. includes 
an integration over the entire complex plane. A lower 
bound of this term can be estimated from experimen- 
tally observed correlations in a finite area of the complex 
plane, and this lower bound is supposed to exceed the 
threshold in the experimental entan glem ent verification, 
conservatively. Note also that Refs. j38l l39j are showing 
relationships between the fidelity and entanglement as- 
suming specific forms on the possible entangled state. It 
might be interesting to revisit those relations associated 
with the present formulation. 

As a short summary, we have observed that the EPR- 
like correlation in the coherent-state basis plays a central 
role in the following three objectives: 



• Reconciling the effect of entanglement to the fi- 
delity on the continuous-variable quantum telepor- 
tation. 

• Detecting the inseparability of two-mode Gaussian 
states. 

• Resolving the quantum benchmark problem on one- 
mode quantum channels [24|. 

We thus would like to conclude that the coherent-state- 
based EPR-like correlation is an essential tool to com- 
prehend entanglement both in the canonical continuous- 
variable systems and in their dynamics. 



VII. CONCLUSION 

We have introduced the notion of the coherent-state- 
based EPR-like correlation as a state overlap to a clas- 
sically correlated coherent-state mixture. The separa- 
ble threshold of this correlation was derived by using 
the partial transposition on a limitation of the phase- 
space localization. A parallel formulation was given for 
the product separable condition concerning the standard 
EPR-like correlation. The product condition describes 
an optimal separable boundary with respect to the pair 
of the EPR-like uncertainties and this boundary curve 
is covered by the product of the squeezed states. For 
the two-mode Gaussian states given in a standard direct- 
sum form of the covariance matrix, the overlap separa- 
ble condition can be written in an accessible form with 
the EPR-like uncertainties, and a simple embrace rela- 
tion between the overlap condition, the sum condition, 
and the product condition has been established. It im- 
plies an essential usefulness of the coherent-state-based 
approach. We have also addressed how to detect the state 
overlap experimentally by the heterodyne detection and 
the following photon detection with a feedforward con- 
trol. The measurement scheme is similar to the scheme 
for continuous-variable quantum teleportation, and the 
coherent-state-based EPR-like correlation can be related 
to the teleportation fidelity for coherent states. Thereby, 
a parallelism between the overlap separable condition and 
the fidelity-based entanglement-breaking condition was 
pointed out. Moreover, we have succeeded in reconcil- 
ing the condition on the channel fidelity to the condition 
on the resource entanglement state for the teleportation. 
This formulation includes the case of non-unit gain and 
it has turn out that the correlation on the resource state 
to be required for a genuine quantum teleportation is 
directly presented by the strength of the EPR-like cor- 
relation on the coherent-state basis. The results would 
offer a novel basis for further understanding the basic in- 
gredients of quantum mechanics and quantum informa- 
tion science, such as, the EPR-like correlation, quantum 
teleportation, and continuous-variable entanglement, in 
a unified aspect. 
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